The aim of this article is to introduce the Laplace-Adomian-Padé method (LAPM) to the Riccati differential equation of fractional order. This method presents accurate and reliable results and has a great perfection in the Adomian decomposition method (ADM) truncated series solution which diverges promptly as the applicable domain increases. The approximate solutions are obtained in a broad range of the problem domain and are compared with the generalized Euler method (GEM). The comparison shows a precise agreement between the results, the applicable one of which needs fewer computations.
Introduction
In recent years, it has turned out that many phenomena in biology, chemistry, acoustics, control theory, psychology and other areas of science can be fruitfully modeled by the use of fractional-order derivatives. That is because of the fact that a reasonable modeling of a physical phenomenon having dependence not only on the time instant but also on the prior time history can be successfully achieved by using fractional calculus [] . Fractional differential equations (FDEs) have been used as a kind of model to describe several physical phenomena [-] such as damping laws, rheology, diffusion processes, and so on. Moreover, some researchers have shown the advantageous use of the fractional calculus in the modeling and control of many dynamical systems. Besides modeling, finding accurate and proficient methods for solving FDEs has been an active research undertaking. Exact solutions for the majority of FDEs cannot be found easily, thus analytical and numerical methods must be used. Some numerical methods for solving FDEs have been presented and they have their own advantages and limitations.
Many physical problems are governed by fractional differential equations (FDEs), and finding the solution of these equations have been the subject of many investigations in recent years. Recently, there have been a number of schemes devoted to the solution of fractional differential equations. These schemes can be broadly classified into two classes, numerical and analytical. The Adomian decomposition method [ Haar wavelet method [] have been used to solve the fractional-order Riccati differential equation. However, the convergence region of the corresponding results is rather small.
In this work, the nonlinear fractional-order Riccati differential equations will be approached analytically by combining the Laplace transform, the Adomian decomposition method (ADM), and the Padé approximation. The Laplace-Adomian-Padé approximation was proposed by Tsai 
Definitions and preliminaries

Caputo's fractional derivative
Caputo's fractional derivative of a function f (t) is defined by
The Laplace transform to Caputo's fractional derivative gives
The Mittag-Leffler function and its generalized forms have played a special role in solving the fractional differential equations. The so-called Mittag-Leffler function with two parameters E α,β (Z) was introduced by Agarwal []
Its kth derivative is given by []
We find it convenient to introduce the function
Its Laplace transform was evaluated by Podlubny []
Another convenient property of ε k (t, y : α, β), which has been used in this paper, is its simple fractional differentiation
Implementation of LAPM
Consider the fractional-order Riccati differential equation of the form
subject to the initial condition
The nonlinear term in Eq. () is y  and P(t), Q(t) and R(t) are known functions. For α = , the fractional-order Riccati equation converts into the classical Riccati differential equation. Applying the Laplace transform on both sides of Eq. (),
Using the property of the Laplace transform, we get
Using the initial condition from Eq. (), the outcome is
Equation () can be written as
The method assumes the solution as an infinite series:
The nonlinearity y  is decomposed as
where A n = A n (y  , y  , y  , y  , . . . , y n ) are the so-called Adomian polynomials given as
Substituting Eqs. () and () into Eq. (), the result is
Matching both sides of Eq. () yields the following iterative algorithm:
. . .
The aim is to study the mathematical behavior 
Test problems
In this section, we implement LAPM to the nonlinear fractional Riccati differential equations. Two examples of nonlinear fractional Riccati differential equations are solved with real coefficients.
Test problem . Consider the nonlinear Riccati differential equation
with the initial condition
The exact solution for α =  was found to be
First, applying the Laplace transform on both sides of Eq. (), we get
Using the property of the Laplace transform, we obtain
Using the initial condition from Eq. (), it becomes
Substituting Eqs. () and () into Eq. (), the result is
Matching both sides of Eq. () yields
Applying the inverse fractional Laplace transform to Eq. (), hence we can write it as
By applying the inverse Laplace transform to Eq. (), the value y  is obtained as
Now, considering the few terms of y  , 
Therefore the truncated series solution obtained from LAPM is
The aim is to study the mathematical behavior of the result as the order of the fractional derivative changes. 
The Taylor ] Padé approximant which satisfies
By using Mathematica, the [
 
] Padé approximant gives that the rational approximation obtained from the solution in Eq. () is determined to be
Figures - represent the comparisons between the exact solution, the LAM and the LAPM solutions in problem . They show that the LAM solutions diverge rapidly after For simplicity, let t   = z; then
] Padé approximants and recalling that z = t   , we achieve 
Using the property of the Laplace transform yields
Utilizing the initial conditions from Eq. (), it becomes
Substituting Eqs. () and () into Eq. (), the result is
Matching both sides of Eq. () yields the following iterative algorithm:
Applying the inverse fractional Laplace transform to Eq. (), hence the value y  is
Substituting the value of y  in Eq. (), the first Adomian polynomial A  is obtained, then substituting y  and A  in Eq. () and proceeding in a similar way, the other terms y  , y  , y  , . . . . can be computed recursively. The first twelve components of the solution are
Therefore the truncated series solution is obtained as
The plan is to study the mathematical performance of the solution of LAPM as the order of the fractional derivative changes. To consider the behavior of a solution of different values of α, we will take advantage of the explicit formula Eq. () available for  < α ≤  and consider the following three special cases.
Case I: Setting α =  in Eq. (), we reproduce the approximate solution obtained in Eq.
() given by the Taylor expansion of y(t) at t =  of the LAPM solution as follows: 
It is known that there exists the [ L M
] Padé approximant which satisfies Figure  , the presented result is in a good agreement with the exact result for α = . Figure  represents the comparisons between the exact solution, the LAM, and the LAPM solutions for problem . It shows that the LAM solutions diverge rapidly after t = . However, it represents that the LAPM solution demonstrates a good convergence through the applicable domain. Table  ] Padé approximation and recalling that z = t to catch critical points at which a sudden divergence or bifurcation starts. Therefore, high accuracy solutions are always needed. Here, we have implemented the Adomian decomposition method coupled with the Laplace transformation and the Padé approximation on the Ricatti differential equation with fractional order. From the test problems considered here, it can be easily seen that LAPM obtains results as accurate as possible. Thus, it can be concluded that the LAPM methodology is very dominant and efficient in finding approximate solutions, and comparison has been made with GEM. This paper can be used as a standard paradigm for other applications. The results of LAPM have been compared with exact solutions and ref.
[] for α = .
